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Effect of Line Doppler Shift on Plume Infrared Signatures

C. R. Hewitt Jr.*
Ball Corporation, Fairborn, Ohio 45324

and

W. Z. Blackf}
Georgia Institute of Technology, Atlanta, Georgia 30332

Plume infrared signatures are calculated using narrow-band models because reasonably accurate results are
provided relatively quickly for most cases. In certain cases, however, current narrow-band models ignore
phenomena that significantly affect the apparent plume signature. One commonly ignored phenomenon is line
Doppler shifting (LDS). LDS effects become important when a relative velocity exists between gas layers.
Calculation of apparent plume signatures is such a case. A modified narrow-band model has been developed
whereby the effect of LDS is approximated in the calculation of the equivalent width. The modification relies
on an algebraic relation that is functionally dependent on the emitting layer optical depth, the absorbing layer
optical depth, the line-shape parameters, and the line Doppler shift. Broadband radiance resulits predicted by
the new method are compared with line-by-line (LBL) model and standard narrow-band model calculations.
The new model is shown to predict absolute increases in apparent radiance on the order of that predicted using

LBL techniques.

Nomenclature

coefficient in the shifted equivalent width model,
Eqgs. (10) and (14)

coefficient in formula for absorber optical depth
at peak ratio of equivalent widths, Eq. (17)
coefficient in formula for absorber optical depth
at peak ratio of equivalent widths, Eq. (17)

= speed of light, m/s

= coefficients in formula for peak ratio of equivalent
widths, Eq. (15)

= line Doppler shift correction factor,

Eqgs. (2) and (9)

= shape function within f, Eqs. (9) and (10)

= spectral absorption cross section, m?

total layers along line of sight

pressure, MPa

optical depth, cm~!

physical distance along line of sight, m
temperature, K

relative velocity component along the line of
sight, m/s

= equivalent width, cm~!

= dummy variable in Egs. (15) and (16)

= dummy variable in Eqgs. (10-14)

= linearized dependent variable, Eq. (12)

= modeled dependent variable, Eq. (13)

= broadened linewidth, cm !

line Doppler shift, cm !

coefficient in Eq. (5)

= wave number, cm !

= ratio of linewidth ratios, Eq. (6)

= number density, m 3

S
Il

=
I

.

>
N
il

If

i

i

k*kg <ﬂhtzn'~gza~0e AN
It

St
%

X
S
il

DV n w R
Il

Presented as Paper 94-2065 at the ATAA/ASME 6th Joint Ther-
mophysics and Heat Transfer Conference, Colorado Springs, CO,
June 20-23, 1994; received July 25, 1994; revision received June 5,
1995; accepted for publication June 7, 1995. Copyright © 1995 by
the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

*Senior Engineer, Systems Engineering Operations, Aerospace
and Communications Group. Member ATAA.

tRegents Professor, George W. Woodruff School of Mechanical
Engineering.

636

Subscripts

a = absorbing layer

D = Doppler broadened, or line Doppler shifted
e = emitting layer

i = layer counter, or summation counter
L = Lorentz broadened

n = summation counter

peak = point of function maximum

s = including line Doppler shifting

u = not including line Doppler shifting

0 = line center or reference condition

Introduction

LUME infrared (IR) signatures are frequently used to

detect and track aircraft and missiles. As a result, de-
signers of IR detection and tracking systems frequently re-
quire predictions of plume radiant intensity to assist in de-
termining system operational parameters. Likewise, airframe
and missile designers require knowledge of the total aircraft
signature, including the plume, in order to determine overall
susceptibility of the airframe to various threat systems. Use
of line-by-line (LBL) techniques for prediction of plume IR
signatures is limited due to computational costs. Narrow-band
model methods were developed as a compromise between the
computational requirements of LBL methods and the inac-
curacies of broadband and gray gas methods.

Narrow-band modeling is an approximate technique that
attempts to retain enough physics to remain reasonably ac-
curate. While capturing many of the physical phenomena as-
sociated with gaseous radiation transfer, most narrow-band
models neglect the effect of line Doppler shifting (LDS). LDS
is shifting of the entire line profile due to relative velocity
between two layers of gas. LDS differs from Doppler line
broadening in that line broadening results from the thermal
velocity distribution within a gas layer, whereas LDS is the
result of large-scale velocity differences between gas layers.
The effects of LDS can safely be ignored in many engineering
applications because there is little, if any, relative velocity
between gas layers. In the case of gas turbine and missile
exhausts, however, large relative velocities between exhaust
gases and atmosphere are necessary to produce thrust. Ob-
servation of exhaust plumes through the atmosphere, then,
is a prime example of the need to consider LDS effects.
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The intent of this article is to demonstrate an approximate
technique for including LDS effects in a narrow-band model.
The technique developed here retains the approach of narrow-
band models in that it can be applied to engineering problems
without excessive computational cost. The new technique is
an improvement over standard band models under conditions
where LDS is relevant, but, it retains other inaccuracies that
are present in standard band models.

Previous Work

Narrow-band modeling is a well-developed technique de-
scribed in many texts dealing with gaseous radiative transfer.
Ludwig et al.! give a comprehensive summary of narrow-band
model variations. In addition, Ludwig et al.! developed ex-
plicit computational procedures for various gases relevant to
combustion processes. LDS is ignored, however.

Drakes et al.?* studied the effect of LDS on broadband IR
radiation. In particular, LDS was included in a narrow-band
model analysis of a conical expansion plume, when viewed
broadside. The radial velocity component was sufficient to
cause emission from the far side of the flowfield to be shifted
toward longer wavelengths relative to emission originating in
the near side of the flowfield. The apparent effect could be
interpreted as general broadening of the line beyond normal
pressure and Doppler broadening.

Drakes et al.2® incorporate LDS effects into a band model
in two steps. First, the line Doppler shifted equivalent width
was calculated by numerically evaluating

W = f(: {1 — exp [_f: k(v — Avp, s)p(s) ds]} dv (1)

The narrow-band average equivalent width was then deter-
mined by the standard integration across the line strength
probability distribution function.

The second step involved modifying the inverse line spac-
ing. Lines shifted symmetrically about a nominal line center
give the resulting spectrum the appearance of an increased
number of lines. Hence, an algebraic function of the ratio of
line Doppler shift to the mean line spacing (Av,/d) was de-
veloped, which increased the inverse line spacing (the number
of lines per unit wave number) by a factor of up to 2 when
the line Doppler shift was as large as the mean line spacing.

The approach taken by Drakes et al.?* to modify a narrow-
band model to include LDS assumes symmetric distribution
of gas velocity and other properties along the line of sight
(LOS). Therefore, lines will be shifted symmetrically about
the nominal line position. However, in the case of a plume
being observed at range from near end-on, there will occur
a nonsymmetric variation of gas properties along the LOS.
The difficulty with the symmetry assumption arises in the
modification to the inverse line spacing. Flowfields where the
L.OSs through the gas are not symmetric will not generate a
line distribution like that assumed in the inverse line spacing
correction modeled by Drakes et al.® The present study avoids
the symmetric assumption by making no inherent assumption
about the form of the distribution of properties in the gas
layers under consideration. No modification to the inverse
line spacing parameter will be made as a result.

The procedure of Drakes et al.?? also relies on numerical
evaluation of equivalent width. Repeated evaluations of Eq.
(1) as the calculation proceeds through gas layers and spectral
increments lead to computation times approaching LBL cal-
culations. The problem of excessive run time associated with
evaluating Eq. (1) is avoided in the present work by devel-
opment of an approximation that includes the line Doppler
shift as a parameter. The approximation is consistent with use
of algebraic functions of optical depth and average linewidths
found in narrow-band models.

The effect of LDS is also included in a plume signature
model developed by Bernstein et al.* Similar to the approach
taken by Drakes et al., Bernstein et al. assume that the dis-
tribution of velocities along the LOS produce a Gaussian
distribution of line Doppler shifts. The Doppler linewidth
used in the band model formulation is then modified to in-
clude the standard deviation of the line Doppler shift.

Development of the Model

The present model assumes a relationship between the line
Doppler shifted equivalent width W, and the standard equiv-
alent width W,

W\- = Wuf(sue? Sum g’ YL/7D|5'> AVD) (2)

where f is assumed to be dependent on the optical depth of
the emitting layer Su, and the optical depth of all the layers
between the observer and the emitting layer Su,. Additional
parameters in the relation include the ratio of linewidth ratios
£, the ratio of the line widths for the emitting layer v, /v,|.,
and the line Doppler shift Av,,.

The basic narrow-band model uses three parameters to de-
termine equivalent width: 1) the total optical depth Su*, 2)
the averaged Lorentz broadened linewidth vy,, and 3) the
averaged Doppler broadened linewidth y,. When calculating
W,, other parameters must be included because the problem
inherently involves two gas layers with a relative velocity be-
tween them. Thus, the additional parameters given in Eq. (2)
are required to adequately describe the physics being mod-
eled. Fortunately, all parameters in Eq. (2), with the excep-
tion of Ay, are readily available in the standard band model
formulation.

The total optical depth used in the standard band model
formalism Su* is the sum of the layer optical depths through
the emitting layer, or

Su* = ﬁ (Su); (3a)
= Su, + Nil (Su); (3b)
= Su, + Su, (3¢)

Thus, as the computation progresses, the optical depth of the
emitting layer Su, is the most recent optical depth increment
in the summation for total optical depth, and the optical depth
of the absorbing layer Su, is the previous layer’s total optical
depth.

The relative Voigt line shapes of emitting and averaged
absorbing layers are described by ¢ and vy, /y,,|.. The ratio of
linewidths is used in determination of the Voigt line profile.
The relationship between the absorbing layer line shape and
the emitting layer line shape is specified by the ratio of the
linewidth ratios £. Taking the Lorentz linewidth to be®

YT, P) = v,(T,, P())(P/Pu)\/(To/T) (4)

the ratio of the half-widths can be reduced to
Yo!vp = (KPY(v,T) (5)
where K is a group of constants, dependent only on species.
Thus, v, /v, can be determined from pressure, temperature,

and line spectral location. The relationship of line shapes in
two layers is characterized by the ratio of linewidth ratios, or

g = Wl _ (p iy p) (©)

Y.!Yp | e
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The final parameter of Eq. (2) is Av,. This quantity rep-
resents the spectral distance that the emitting layer’s line cen-
ter is shifted relative to the absorbing layer’s line center. Av,,
is determined from the relative velocity component directed
parallel to LOS and the line center wave number:

Av = vy(Vic) )

The algebraic form of f is constrained by the physics of line
formation. For example, the optically thin and optically thick
limits constrain the form of f as follows:

lim f=1 (8a)
Su*—0
lim f=1 (8b)
SuF— <
o

SIIII‘E}O aSu* 0 (8c)
. of

sllTx asu* 0 (8d)

In the case of the optically thin limit, W, must be identical to
W, as all energy reaches the observer. At the optically thick
limit, the line is saturated over wide spectral regions, making
the equivalent width dependent only on optical depth.

The functional dependence of f on Av, must be such that
zero relative velocity will result in W, equal to W,,. This re-
quirement simply ensures that the modified narrow-band model
produces the same result as the original narrow-band model
when calculating intensity for the condition of no relative
velocity.

While some of the constraints on f have been defined, there
is insufficient information to define the particular form. Thus,
W, and W, were determined by the numerical integration of
Eq. (1), followed by curve-fitting that met the constraints
defined by Eq. (8). In the evaluation of Eq. (1), the Voigt
profile approximation proposed by Humlicek® was used to
determine the spectral absorption coefficient. The numerical
integration used 10° equally spaced spectral increments span-
ning + 1000 line widths (the larger of y, and vy,). The con-
ditions for which the equivalent widths were calculated in-
cluded three line Doppler shifts (Av, = 0, 7.5 X 10-2 and
15.0 x 1073 ecm™!'), three ratio of linewidth ratios (¢ = 1.3,
2.6, and 5.2), and nine emitting layer linewidth ratios (y,/
Ypl. = 6.10 x 107?10 2.44), spanning domination by Doppler
broadening to domination by Lorentz broadening. At each
combination of Av,, &, and vy, /yp|., equivalent widths were
calculated for 10~* cm~! < Su, < 10> cm~! and 200 nondi-
mensionalized absorbing layer optical depths in the range 6.74
x 1073 = (Su/ly,), = 3.27 x 10°. Additional combinations
of parameters were used as required to provide detail to the
form of f.

Figure 1 shows the results of these calculations for a single
combination of &, ¥, /vp|., and Av,,. The f has been plotted
as a function of (Su/y,),. At very large and very small ab-
sorbing layer optical depths, the function f approaches one
with a slope approaching zero as expected from the optically
thin and thick constraints [Eq. (8)]. The curves of Fig. 1 peak
at moderate optical depths for both emitting and absorbing
layers. The absorbing layer optical depth at which the peak
in f occurs and the magnitude of the peak are dependent on
the emitting layer optical depth. Other combinations of &, v, /
Ynl., and Ay, produce plots similar to Fig. 1.

The data of Fig. 1 collapses by normalization and coordinate
translation. Normalization was accomplished by subtracting
one from all values and then dividing the result by the max-
imum value. Figure 2 shows the data of Fig. 1 plotted in

14
— Sue=10'3cm'l
""""""""" Su =10 'fcm'l' P
13 b Sue=_10 cm /
w12 [
1.1 |-
1.0

In(Su/y,),

Fig. 1 Ratio of shifted equivalent width to unshifted equivalent width:
Yolyple = 122 X 1072, £ = 2.6, Ay, = 7.5 X 10~ em™.

10

-10 -5 0 5 10
In(Su/p), = IS/, peak

Fig. 2 Normalized ratio of shifted equivalent width to unshifted
equivalent width: y,/y,], = 1.22 X 1073, £ = 2.6, Ay, = 7.5 X
1073 cm~1.

the new coordinates, [(f — 1)/(foeax — 1)] and [ (Sti/y,), —
40 (SulY1 )4 pear]- The function f now has the form

f=1+ (fpeak ~ Dglve(Suly), — 4 (SU/'YL)a.peak] )]

where f... and 7 (Su/y,), pe.x are still functions of Su,, £, v, /
Yol.» and Av,. While the process used to arrive at Eq. (9)
has not collapsed the data to a single curve, the curves plotted
in the new coordinates (Fig. 2) are more similar than the
original curves of Fig. 1. As before, other combinations of &,
¥./Ypl., and Av, produce plots similar to Fig. 2.

The shape function g of Eq. (9) has characteristics similar
to probability distribution functions. If g is taken to be Gauss-
ian then

g(x*) = exp(—Ax™?) (10)

x* =/ (S_u) — (S_u) (11)
YL/ a YL/ apeak

Using this functional form and attempting to determine a
single value of A for any single curve of Fig. 2 provided a
function that fit the theoretical data well either for x* < 0 or
x* > 0, but not the entire range of x*. Splitting g into two
pieces, one for positive x* (with coefficient A*) and a second
for negative x* (with coefficient A~) was successful in fitting
the theoretical data.

where
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Once the basic form of f was established, the values of ...,
4 (Sl )y pear» A7, and A* were determined for each of the
combinations of Su,, & v,/yp|., and Avy,. The normalization
process directly produces values of f,... and 7 (Su/y,), peas-
The shape function coefficients A~ and A* had to be deter-
mined indirectly, however.

The procedure used to determine A - and A * first linearized
the data to be modeled. The theoretical data values were

linearized by
fi~ 1 )
yi = <—"'—
fpcak -1

where f; is a single point from the equivalent width ratio
calculations. The model equation was taken as

(12)

*

Yi

—Ax}?

(13)

where x7 are the values of x* that correspond to f,. Minimizing
the sum of the squares of the differences between the theo-
retical data and Eq. (13) leads to

_Z yix;kz
> xr

The summations in Eq. (14) spanned the range —[5 + 7 (Su/
Yi)apearl =x* =0for A~ and 0 = x* = 15.0 — 7% (Su/y,)apeax

A = (14)
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for A*. The values of the coefficients A~ and A" as deter-
mined by Eq. (14) are listed in Tables 1 and 2.

The peak ratio of equivalent widths is a function of Su,,
Y./Ypl.. & and Avpy,. For single values of v, /yp|,, & and Av,,,
fpear can be determined as a function of Su,. Figure 3 is a plot
of the data obtained in this fashion for vy, /y,|. = 1.22 X
1072, &= 2.6,and Ay, = 7.5 X 107 ecm L. f,.,, approaches
one at very low and very high values of Su,, with a peak at
an intermediate value of Su,. In order to establish a curve fit,
one was subtracted from the known values of f,. ., and the
natural logarithm was taken, resulting in a parabolic-like curve
as a function of the natural logarithm of Su, /vy, . The parabolic-
like curve was then fit with a function of the form

Z (fpt:ak - 1) (15)

where

x = 4(Suly,). (16)
The model for f,,,, is also shown in Fig. 3. The coefficients
d, of Eq. (15) were determined by using the values of f,.
determined through the numerical integration of Eq. (1). The
values of the coefficients d,, for all of the calculated conditions
are given in Table 3.

The functional dependence of 4 (Su), pe. OR 4 (Sulyp), is
shown in Fig. 4. The conditions plotted include three vy, /v,

Table 1 Calculated values of the coefficient A~

Av,, X 10° Vil Yol ¢ Su, = 107+ Su, = 1077 Su, = 1072 Su, = 107! Su, = 10Y Su, = 10 Su, = 10°
7.5 0.0244 1.3 0.07289 0.08832 0.09272 0.07988 0.06413 0.05409 0.08685
7.5 0.0122 2.6 0.06898 0.08437 0.08969 0.06879 0.06096 0.06272 0.08469
7.5 0.0061 5.2 0.06721 0.08264 0.08301 0.06094 0.06518 0.07241 0.08489
7.5 0.2439 1.3 0.07740 0.10664 0.11890 0.10640 0.08267 0.08676 0.11336
7.5 0.1220 2.6 0.07450 0.10355 0.11678 0.09951 0.08774 0.08753 0.09817
7.5 0.0610 52 0.07183 0.10072 0.11168 0.09253 0.09164 0.08425 0.09537
7.5 2.4391 1.3 0.05820 0.11192 0.14082 0.13640 0.11868 0.09671 0.13265
7.5 1.2196 2.6 0.05805 0.11161 0.13999 0.13922 0.11546 0.09633 0.12942
7.5 0.6098 5.2 0.05818 0.11183 0.14031 0.13919 0.11723 0.09945 0.12883
15.0 0.0244 1.3 0.06896 0.08442 0.08973 0.07429 0.06316 0.04675 0.07114
15.0 0.0122 2.6 0.06544 0.08095 0.08185 0.06617 0.05953 0.04641 0.05822
15.0 0.0061 5.2 0.06209 0.07748 0.07585 0.06162 0.05029 0.04845 0.06456
15.0 0.2439 1.3 0.07184 0.10083 0.11454 0.10045 0.07494 0.07930 0.11238
15.0 0.1220 2.6 0.06931 0.09815 0.10957 0.09885 0.07721 0.07493 0.09845
15.0 0.0610 5.2 0.06687 0.09544 0.10745 0.09492 0.07481 0.07598 0.08996
15.0 2.4391 1.3 0.05544 0.10818 0.13814 0.13660 0.11093 0.09401 0.12319
15.0 1.2196 2.6 0.05535 0.10795 0.13741 0.13903 0.11372 0.09758 0.12280
15.0 0.6098 5.2 0.05537 0.10798 0.13733 0.13804 0.11492 0.09880 0.11998

Table 2 Calculated values of the coefficient A+

Ay, X 10° YilYole & Su, = 107+ Su, = 1073 Su, = 1072 Su, = 107! Su, = 10° Su, = 10! Su, = 10°
7.5 0.0244 1.3 0.08800 0.13313 0.16186 0.17742 0.20221 0.26377 0.35457
7.5 0.0122 2.6 0.08835 0.12884 0.16040 0.22757 0.29537 0.33341 0.36846
7.5 0.0061 5.2 0.07666 0.11846 0.15844 0.29566 0.47841 0.47063 0.36763
7.5 0.2439 1.3 0.14298 0.17793 0.19506 0.19044 0.20417 0.26291 0.31740
7.5 0.1220 2.6 0.14271 0.18575 0.20269 0.21734 0.21589 0.25013 0.31864
7.5 0.0610 5.2 0.13377 0.18604 0.20930 0.25375 0.25833 0.25531 0.30107
7.5 2.4391 1.3 0.15186 0.19829 0.23921 0.22515 0.23154 0.24686 0.27666
7.5 1.2196 2.6 0.16060 0.21042 0.25995 0.24518 0.23123 0.24713 0.28999
7.5 0.6098 5.2 0.16706 0.21974 0.27546 0.24929 0.22942 0.23935 0.27494
15.0 0.0244 1.3 0.07483 0.10115 0.12571 0.16459 0.17289 0.19569 0.30264
15.0 0.0122 2.6 0.07377 0.10116 0.13835 0.19777 0.18455 0.21964 0.31890
15.0 0.0061 5.2 0.07161 0.09674 0.14107 0.19812 0.24877 0.31677 0.32073
15.0 0.2439 1.3 0.12221 0.15700 0.18243 0.17940 0.18547 0.25173 0.31712
15.0 0.1220 2.6 0.13360 0.14661 0.17654 0.16395 0.16814 0.22276 0.28217
15.0 0.0610 5.2 0.12067 0.16742 0.20145 0.20804 0.20986 0.24506 0.30063
15.0 2.4391 1.3 0.14254 0.19253 0.22375 0.20637 0.20377 0.24286 0.28016
15.0 1.2196 2.6 0.15168 0.20356 0.23633 0.20814 0.19957 0.23066 0.27140
15.0 0.6098 5.2 0.15896 0.21143 0.24127 0.23527 0.21316 0.22779 0.25737
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Table 3 Coefficients d, of Eq. (15)

Ay, X 107 Yilvol. £ d, d, x 10! d, x 10' dy X 102 d, x 10° d, x 10 d, x 10°
7.5 0.0244 1.3 —4.311 —8.423 12.14 —-32.68 391.9 —22.55 5.003
7.5 0.0122 2.6 —-4.263 —15.80 14.15 -32.85 344.6 -17.33 3.371
7.5 0.0061 5.2 —4.255 —22.58 15.26 —30.69 276.9 —11.70 1.856
7.5 0.2439 1.3 ~3.235 10.04 —0.2994 —-3.931 40.95 —0.9920 —0.1647
7.5 0.1220 2.6 —3.868 11.04 0.3664 -7.711 125.0 —8.740 2.326
7.5 0.0610 5.2 —4.728 11.04 1.795 -13.19 214.7 -15.16 3.978
7.5 2.4391 1.3 —4.187 6.495 —1.266 —2.926 10.31 6.877 —5.059
7.5 1.2196 2.6 -4.195 7.049 —1.080 —-2.511 4.811 5.290 —3.416
7.5 0.6098 5.2 —4.390 7.701 —0.8617 —2.255 —0.2000 4.605 —2.696

15.0 0.0244 1.3 -4.379 —4.535 9.586 —25.97 311.5 —17.94 3.975

15.0 0.0122 2.6 —4.498 ~7.900 9.771 ~22.56 233.4 —11.65 2.258

15.0 0.0061 52 —4.801 —8.158 8.157 —15.24 117.0 —-3.817 0.3636

15.0 0.2439 1.3 -3.039 9.889 -0.2911 —3.022 33.50 —1.446 0.2467

15.0 0.1220 2.6 —3.527 10.38 0.1613 —4.612 63.90 —4.108 1.074

15.0 0.0610 5.2 —4.124 10.33 0.9256 —-6.916 96.28 —6.103 1.498

15.0 2.4391 1.3 —3.186 7.113 —1.067 —-3.229 4.486 8.136 —5.655

15.0 1.2196 2.6 —3.243 7.556 —0.8366 —2.759 —4.990 7.289 —4.490

15.0 0.6098 5.2 —3.433 8.027 —0.6280 —2.130 —12.41 6.500 —3.563

1.4 = mine W, is the overall goal, cubic splines were used to fit the
known data. Fortran subroutines for cubic spline curve-fitting
based on those given by Press et al.? were incorporated into

13 | the model for use in determining 7 (Su), pea-

Use of cubic spline interpolation scheme is adequate be-

tween known data points. Outside the defined range of data,

E, 12 b however, an assumption must be made about the shape of
— the theoretical curves. In the case of 7.(Su), .., the trend
for both 7. (Sulyp). — « and 7. (Sulyp), — — is linear. At

the optically thin limit, the linear coefficients from the first

L1y defined cubic spline segment were assumed to define the var-
iation of « (Su), pe. With 4 (Su/yp),. Thus for 4. (Sulyp), —
—

1.0 : :

0 5 10 15 (S pear. = sl (Sulyp). — £:(107%yp)] + b, (17)
In(Sursy,),

Fig. 3 Peak equivalent width ratio as a function of emitter optical
depth: v, /vpl, = 1.22 x 102, £ = 2.6, Av, = 7.5 X 10~ *cm~.

6
/Yo
4T a2
® 0.122
2 L
® 00122

N 1 ! | n
0 4 8 12
ln(Su/yD)e

Fig. 4 Absorber optical depth at peak equivalent width ratio as a
function of emitter optical depth: £ = 2.6, Av, = 7.5 X 10 * cm™".

values (i.e., v, /vy, = 1.22 X 1072, 1.22 x 107!, and 1.22 X
10°) at £ = 2.6 and Ay, = 7.5 X 1072 cm~'. Plotted this
way, all of the v (Su), ... curves collapse to a single line at
large values of /. (Su/y,,). (independent of vy, /vp|,, & and Avy).
In addition, as  (Su/y,). approaches negative infinity, each
curve becomes linear. The behavior in the transition region
between the two linear regions of each curve is sufficiently
complicated to make the determination of a suitable algebraic
form a complex problem. Since an efficient means to deter-

Values for both b; and b, are dependent on y,/y,, & and
Av,. At the optically thick limit, a single line was defined for
all conditions. Thus, for 7 (Su/yy,), — «:

1 (St peme = 4 (Sulyp), — 6.7591 (18)

The values of A~ and A+ calculated using Eq. (14) have
an irregular dependence on Su,. Despite the irregularity, val-
ues of A~ and A+ must be evaluated at arbitrary values of
Su,, yp/v., €, and Avy,. As in the case of 4/ (Su), ..., a cubic
spline curve was chosen as the mechanism for evaluating A -
and A" at intermediate values of Su,.

Examples

The ratio W,/W, as a function of . (Su), is plotted in Fig.
5. Both theoretical [calculated from Eq. (1)] and modeled
[Eq. (9)] curves are shown. Figure 6 shows the error in W,
for the modeled data. The largest error in this case indicates
that the modeling procedure is within 2% of theoretical over
the entire span of absorber optical depths. In typical engi-
neering calculations, a simplified model that approximates
theoretical values within a few percent throughout the range
of interest might be considered quite successful. In the case
of equivalent widths, however, the ultimate objective is the
calculation of apparent radiance. Due to the nonlinear rela-
tionship between equivalent width and radiance, the error in
the apparent radiance may differ significantly from the error
in the modeled equivalent width. Small errors in equivalent
width can lead to large errors in apparent radiance.

The apparent radiance for a single line calculated using the
theoretical and the modeled equivalent widths of Fig. 5 has
been plotted in Fig. 7. Here, it is shown that algebraically
predicting W, within 2% of theoretical is insufficient to closely
approximate the theoretical apparent radiance for the present
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Fig. 5 Comparison of theoretical and predicted ratio of shifted equiv-
alent widths: Su, = 107> ecm™!, v, /y,|, = 1.22 x 1072, £ = 2.6,
Ay, = 7.5 x 1073 ecm™'.

1.0
IS
o b
(]
™
>
H
g
u
T
T
2
£
v
£
[
(<]
=
S
E‘g _20 " 1 " 1 1 "
-5 10 15

5
In(Sury,),

Fig. 6 Percent error in predicted shifted equivalent widths: Su, =
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Fig. 7 Single line apparent radiance for shifted and unshifted emis-
sion lines: Su, = 1073 em™, ¥, /y,|. = 1.22 x 1072, £ = 2.6, Ay,
=75 x 10"3cm™".

set of conditions. The apparent radiance calculated using the
model for W,, however, is a much better approximation for
theoretical values than the theoretical apparent radiance with-
out LDS. Under many combinations of conditions, the mod-
eled W, predicts apparent radiances much closer to theoretical
values. In addition, the maximum errors universally occur
where the apparent radiance itself has already dropped to a
small fraction of the emitted radiance. Here, a small absolute
change in radiance causes a large percent error.

0.5
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0.0 o 0o
220 2250 2300 2350 2400
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Fig. 8 Apparent spectral radiance, band model method, CO, only:
P =109 x 10*MPa, £ = 2.6, V = 1 km/s.
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Fig.9 Apparent spectral radiance, LBL method, CO, only: P = 1.09
X 1073 MPa, £ = 2.6, V = 1 km/s.

Finally, the previous calculations apply to a single emission
line. There are many thousands of emission and absorption
lines in a typical band spectrum, with strengths that vary over
many orders of magnitude. While the physical depths of the
emitting layer and the absorbing layer are constant from line-
to-line, the optical depth varies with the line strength. Thus,
for a given combination of layers, there will be lines that have
little or no error in apparent radiance. The net effect will be
to produce errors in band integrated apparent radiance that
are smaller than the peak values shown in Fig. 7.

An example of use of the W, model in the complete band
model, including the multiple line group approximation,' can
be seen in Fig. 8. Here, apparent radiance is plotted as a
function of wave number for three atmospheric layer thick-
nesses. For comparison, the results of LBL calculations for
the same conditions are plotted in Fig. 9 (these calculations
used the LBL code developed by Limbaugh et al.?*). The
conditions used to calculate apparent radiance values in Figs.
8 and 9 are given in Table 4. For Fig. 8, W, was obtained
from the algebraic model of Ludwig et al.!

It can be seen in Figs. 8 and 9 that the effect of LDS
increases the intensity reaching an observer at significant ranges.
The primary difference between the LBL results and the band
model results is due to the more rapid attenuation of the band
model calculations, particularly in the region between the red
and blue spikes.

The apparent radiance, integrated across the wave band of
Figs. 8 and 9, is shown in Fig. 10. Figure 10 clearly shows
that the band model results, with or without LDS, are con-
sistently less than the LBL results. Since the integrated ap-
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Table 4 Layer properties used in the example 102 ¢
Layer Plume Atmosphere E
Temperature, K 650 250 o' ¥
Pressure, MPa 0.00109 0.00109
CO, mole fraction 0.01 0.00034 T 100 b
Thickness, m 10.0 Varied g
Velocity, m/s 1000.0 0.0 ©
=" 10! E
A
10 o |
— 107 ¢
NE o LBL, Unshifted E
I8 ® | BL, Shifted
& A O Band, Unshifted 10-3 R L .
; O Band, Shifted 10-! 100 10! 102
- B8
g Y'Y a
-_g Fig. 12 Percent increase in apparent radiance due to line Doppler
S 4 B shift as a function of absorber linewidth ratio and optical depth: £ =
- b 26,84, = 0.1lem™', Ay, = 7.5 X 1073 em™— ",
= L
x5
2 ] it is also present in the standard narrow-band model calcu-
= L lations. Since the W, model requires a known W,, it is not
100 10! 102 possible to avoid magnifying errors in the standard equivalent

Range, km

Fig. 10 Comparison of shifted and unshifted band apparent radiance,
2100-2400 cm~', CO, only: P = 1.09 x 10-*MPa, £ = 2.6, V =
1 km/s.
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Fig. 11 Apparent spectral radiance, expanded scale, band model
method.

parent radiance is consistently in error for the unshifted re-
sults, there must be deficiencies, other than the lack of LDS,
in the band model formulation. Figure 10 shows however,
that the line Doppler shift version of the band model is pre-
dicting approximately the correct increase in apparent radi-
ance for the entire wave band.

For one of the atmospheric path lengths shown in Figs. 8-
10, the LBL code required 4677 CPU seconds. The modified
band model required only 1.5 CPU seconds to calculate the
same condition. Calculations were performed on a Sun SPARC-
10 computer. Even with potential optimization of the LBL
code, the performance benefit of the modified band model
will remain.

Application of the line Doppler shift corrections amplifies
a second problem with the basic band model. Figure 11 is an
expansion of Fig. 8 between 2210-2240 cm ~'. At some wave
numbers, the apparent radiance increases with atmospheric
path length, a violation of the conservation of energy. While
the violation of conservation of energy in this spectral region
is more pronounced in the line Doppler shifted calculations,

width model. Analysis of the standard band model indicates
that the increase of apparent radiance as the absorber optical
depth grows is the result of small errors in the predicted
equivalent width, which, in turn, leads to large errors in the
apparent radiance.

Conclusions

An algebraic model that can be used to correct narrow-
band model formulations to account for LDS has been doc-
umented. The algebraic model is dependent on the unshifted
equivalent width, the emitting (plume) layer optical depth,
the absorbing (atmosphere) layer optical depth, the ratio of
linewidths for the emitting layer, the ratio of the linewidth
ratios, and the line Doppler shift. In the present study, the
unshifted equivalent width was obtained from the model pro-
posed by Ludwig et al.! The algebraic model for shifted equiv-
alent width could readily be adapted to work with other stan-
dard narrow-band models.

The line Doppler shift correction to the equivalent width
should be applied under circumstances where the apparent
radiance may be significantly changed. Figure 12 shows the
percent increase in apparent radiance as a function of the
inverse of absorber linewidth ratio y,/vy, |, and absorber op-
tical depth Su, for a specific emitting layer condition (¢ =
2.6, 8u, = 0.1cm™!, Ay, = 7.5 X 10~% em'). The inverse
absorber linewidth ratio is roughly proportional to altitude
(the pressure variation within the atmosphere causes the Lor-
entz width to decrease much more rapidly than any variation
in the Doppler width), whereas the absorber optical depth is
proportional to the absorbing layer physical thickness. Thus,
for a given plume signature calculation, Fig. 12 can be used
to rapidly determine the need to apply the line Doppler shift
correction. Figure 12 shows that correction for LDS is needed
only when the line shape is dominated by Doppler broadening
and the absorber optical depth is neither very small nor very
large.

A snapshot of the capabilities of the algebraic line Doppler
shift model has been given in this paper. Space limitations
restrict the number of cases that can be presented here. Other
examples are available in Ref. 10.
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